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Abstract. In this paper, we create a model of unexpected fluctuation of the long-term 
real interest rate. 

This model is based on our new version of IS-LM model. The new IS-LM model 
eliminates two main deficiencies of the original model: assumptions of constant price level 
and of strictly exogenous money supply. The unexpected fluctuations of the long-term 
real interest rate can be explained by existence of special type of cycle called relaxation 
oscillation on money (or financial assets) market. Relaxation oscillations include some 
short parts looking like "jumps" . These "jumps" can be interpreted like unexpected. In 
other words, we try to explain these "unexpected" fluctuations of long-term real interest 
rate and show that these fluctuations can be only seemingly unexpected. 

Last but not least, we show some impacts of the government intervention by fiscal or 
monetary policy on economics using this models. Then we suggest possible interaction 
between fiscal and monetary policy. 



Introduction 

In these days many experts and also the public more and more talk about unexpected 
fluctuations of different economic phenomena and about impacts of these fluctuations on 
economics. In this study we focused on unexpected fluctuation of long-term real interest 
rate. We try to explain these unexpected fluctuations and show that these fluctuations 
can be only seemingly unexpected. 

For description of the economics, we use fundamental macroeconomic IS-LM model. 
This model explain aggregate macroeconomic equilibrium, i.e. goods market equilibrium 
(represented by the curve IS) and money market or financial assets market equilibrium 
(represented by the curve LM) simultaneously. Many experts researched the problem of 
macroeconomic (un)stability and also the IS-LM model. Already in 1937, J. R. Hicks 
in \X0\ published the original IS-LM model as mathematical expression of J. M. Keynes's 
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theory. This original IS-LM model has two main deficiencies. Both the price level and 
exogenous money supply are assumed to be constant. Many versions of this model and 
related problems were presented in several works, see e.g. PQ, [3], [I], [6], [12], [17] , but 
we created our own new version of IS-LM model which eliminates above-mentioned defi- 
ciencies. We modified the model and named it as new IS-LM model. 

The mainly criticized problem is assumption of strictly exogenous money supply, i.e. 
supply of money is certain constant money stock determined by central bank. Today's 
economists can not find consensus in the problem of endogenity or exogenity of money 
supply, see e.g. [UJ. Endogenous money supply means that money are generated in eco- 
nomics by credit creation, see e.g. [14J. We resolve this dilemma including some money 
supply function, which represents conjunction of endogenous and exogenous conception 
of money supply, to this model. The second deficiency is missing modeling inflation effect 
in original model. That's why we include also modelling inflation. The IS-LM model with 
this two changes is new IS-LM model. 

In these days, the real presumption is that the money (financial assets) market is faster 
than the goods market, i.e. the subjects and their reactions on money (financial assets) 
market are faster than on goods market. In the IS-LM model, we work with a demand 
for money function and money supply function. These two functions and theirs equality 
describe the money or financial assets market. If we assume money market faster than 
goods market and unusual (precisely reverse than usual) behaviour of these two func- 
tions, then there will exist special type of cycle resembled limit cycle called relaxation 
oscillation on money market. Many experts were modelling different type of oscillations 
in various branch of science (physics, ecology, biology, economy) for several centuries, see 
e.g. [2], [5], [9], [13], [15], [IE]. Today's situation and unexpected fluctuations in the eco- 
nomics confirm the necessity of modelling different types of oscillations occurring in the 
economics. The relaxation oscillations are the fluctuations of the main variables caused 
by different velocity of the motion along the trajectory and by the (un)stability of the 
arcs of the relevant isoclines. Relaxation oscillations may explain the situation when one 
unstable regime is located between two stable regimes. 

Relaxation oscillations include some short parts looking like "jumps". These "jumps" 
can be interpreted like unexpected. The precisely reversed behaviour of money demand 
and money supply function correspond to special economic situation called liquidity trap. 
If there exists only one part with liquidity trap then there will be one S-bend of the curve 
LM and so there will be only one cycle - one relaxation oscillation. If there exists more 
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parts with liquidity trap then there will be more S-bends of the curve LM and so there 
will be more cycles - more relaxation oscillations and theirs conjunctions. 

The relaxation oscillations on money market are caused by changing of aggregate in- 
come. Aggregate income can be changed in consequence of a fiscal policy. In other words 
the cycle, which originates on money market, is caused by the shifting of the curve IS 
and this shifting can be explained like the demonstration of the fiscal policy. So, this new 
IS-LM model with relaxation oscillations on money market can be the estimation of the 
fiscal policy impacts. 

With monetary policy it is not so easy. If the central bank try to control real interest 
rate, then only the short-term real interest rate is influenced. But we are interested in the 
long-term real interest rate. Central bank can influence this long-term real interest rate 
only indirectly by inflation targeting. The households and firms adapt the expected infla- 
tion rate according to prediction of central bank. This is the principle how the expected 
inflation rate turns to the real inflation rate. In accordance with this, we demonstrate 
monetary policy by changing of (expected) inflation rate in our models. Another tool 
of monetary policy to influence money market is determination of the constant part of 
money supply by central bank, i.e. determination of the part of money stock. Both of 
these changes causes the shift of the curve LM up or down. 

The real interest rate can be also negative because of inflation rate. The (expected) 
inflation rate can be such that there can emerge the fluctuation of long-term real inter- 
est rate from positive to negative level due to relaxation oscillations and the other way 
around. This phenomenon is very interesting and can explain seemingly unexpected fluc- 
tuation from positive to negative level of long-term real interest rate. 

Last main section of this paper aims at interaction between fiscal and monetary policy 
in our new IS-LM model with relaxation oscillations. The long-term real interest rate can 
quickly jump or fall as a consequence of fiscal policy. We suggest how central bank can 
soften these emerging oscillations by appropriate decrease or increase of the (expected) 
inflation rate or of the constant part of money stock. 

In this paper, we try to find context and explanation of the "strange" behaviour of the 
long-term real interest rate. We found the possible reason of this unexpected fluctuation 
and we model this situation using new version of IS-LM model, theory of relaxation os- 
cillation and description of the special behaviour of money demand and supply. At the 
end we suggest a way how soften originating relaxation oscillations. 
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1. Preliminaries 

(1) Basic notations: 

Y aggregate income (GDP, GNP), 

R long-term real interest rate, 

is short-term nominal interest rate, 

/ investments, 

S savings, 

L demand for money, 

M money supply, 

(2) The economic assumptions of the original IS-LM model are the following: 

• modelled two-sectors economy (households - firms), 

• it is a demand-oriented model (the supply is fully adapted to demand), 

• Y > 0, R > 0, 

• a price level is constant (i.e. absence of inflation effect), 

• a money supply is an exogenous quantity (means that money supply is some 
money stock determined by the central bank). 

(3) According to e.g. [H] the original IS-LM model is the system of two algebraic 
equations: I(Y,R) = S(Y, R), L(Y, R) = M s , where M s > 0, in the static form 
and the system of two differential equations 

f = a[I(Y,R)-S(Y,R)} 
f = P[L(Y,R)-M S ], 

where a, (3 > 0, in the dynamic form. The curve IS is a set of ordered pairs 
[Y, R] which satisfy the equation I(Y, R) = S(Y, R) and the curve LM is a set of 
ordered pairs [Y, R] which satisfy the equation L(Y, R) = Ms- The one of the main 
outcomes of IS-LM model is intersection point (one or more) of the curves IS and 
LM representing aggregate macroeconomic equilibrium (i.e. the equilibrium on 
goods market and on money market, or on financial assets market, simultaneously). 
In dynamic version we research the (un) stability of this macroeconomic system, 
i.e. (un)stability of the equilibrium on goods market and on money market (or on 
financial assets market) simultaneously. 

(4) We suppose that all of considering functions hereinafter are differentiable. 
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(5) Economic properties of functions I(Y,R), S(Y,R) and L(Y, R) are the following: 

dl dl 

0< w <l, m <0, (2) 
dS dS 

0< W <1 'dR >0 ' < 3 » 

dL dL 

W >0 'm <0 - (4) 

2. Models of Seemingly Unexpected Fluctuation 
of Long-Term Real Interest Rate 

In this section, we present several models. The first model is new IS-LM model on which 
another models are based on. The other models are the models of seemingly unexpected 
fluctuation of long-term real interest rate. There we assume money market faster than 
goods market. So, the second model is model with one S-bend of the curve LM. Using this 
model, we show how relaxation oscillations can arise on money market. These relaxation 
oscillations are conditioned by special bend of the curve LM in the form of the letter S. 
Another model is model with twice S-bent curve LM. There originate two different cycles 
of relaxation oscillations and their conjunction. The last subsection briefly outline the 
problems of the models with more times S-bent curve LM. 

2.1. New IS-LM model. Our models of seemingly unexpected fluctuation of long-term 
real interest rate are based on our own new version of IS-LM model. The economic 
assumptions of the new IS-LM model are the following: 

• an economy consists of two sectors (households and firms), 

• a demand-oriented model (the supply is fully adapted to demand), 

• Y > 0, is > and R can be positive, zero and also negative, 

• a price level is variable (i.e. included inflation effect), 

• a conjunction of endogenous and exogenous money supply (means that money are 
generated by credit creation with some certain intervention of central bank). 

We add to the original IS-LM model a floating price level, i.e. inflation effect. So, 
we need to distinguish two type of interest rate - a long-term real interest rate and a 
short-term nominal interest rate in addition to the original IS-LM model. There is the 
long-term real interest rate on goods market and the short-term nominal interest rate on 
money market (or financial assets market). The well-known relation 

is = R- MP + 7r e (5) 
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holds, where MP is a maturity premium and ir e is an expected inflation rate. While MP 
and 7r e are constants, it holds 

di s _ d(R - MP + 7r e ) _ dR 

~dt ~ dt ~~ ~dt ' ^ 

Then, we consider that the money supply is not strictly exogenous quantity, but the 
supply of money is endogenous quantity (money are generated in economics by credit 
creation) with some exogenous part (certain money stock determined by the central bank). 

Definition 2.1. We define the supply of money by the formula 

M(Y,t s ) + M s , (7) 

where M(Y,ig) represents the endogenous part of money supply and Ms > represents 
the exogenous part of money supply. 

So, there are the functions L(Y, i s ) = L(Y, R - MP + vr e ) and M(Y, i s ) = M(Y, R - 
MP + 7r e ) on the money market. It also holds 8L ^ s - > = 9L ( Y ' R -^ P+7T ) anc [ QMipls) = 

8M(Y,R-MP+tt ) b ecause Q f ]\/[p anc [ n e are cons t an t. 

Now, we can define the new IS-LM model. 

Definition 2.2. The new IS-LM model is given by the following system of two algebraic 
equations 

IS: I(Y,R) = S(Y,R) 

LM: L(Y, R - MP + vr e ) = M(Y, R - MP + ir e ) + M s , 
where Ms > 0, in the static form and by the system of two differential equations 



IS: % = a[I(Y,R)-S{Y,R)] 

LM: !f = p[L(Y, R - MP + 7r e ) - M(Y, R - MP + vr e ) - M s 



dR 
dt 

where a, > are parameters of dynamics, in the dynamic form. 



The investment, saving and money demand function have the economic properties (|2]), 
(|3j) and Q. We have to put on our new function of money supply the standard economic 
properties: 

dM dL 

0< w < w (10) 

dM , . 



The formula (10) means that the relation between supply of money and aggregate 
income is positive and that the rate of increase of money supply depending on aggregate 
income is smaller than the rate of increase of money demand depending on aggregate 
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income because the banks are more cautious than another subjects. And the formula (11 ) 
means that the relation between supply of money and interest rate is positive. 

It is easy to see (using the Implicit Function Theorem) that the course of the curve LM 
is increasing in this new IS-LM model with properties Q, flO] ) and (11). If it also holds 

dl dS 

w < w (12) 

in additions to the properties ^ and (|3]), then the course of the curve IS will be decreasing. 
Now, we denote the function, whose graph is the curve IS, as Ris(Y) and the function, 
whose graph is the curve LM, as Rlm(Y). These functions exist because of the Implicit 
Function Theorem. Now, if we assume 

lim R IS {Y) > lim R LM (Y), (13) 

then there will exist at least one intersection point of the curve IS and LM. 

These presented model is IS-LM model without two main deficiencies of the original 
model and moreover we are certain that there exists at least one aggregate macroeconomic 
equilibrium. 

2.2. The Model with Once S-bent Curve LM. As mentioned above we assume the 
real presumption that the money (or financial assets) market is faster than the goods mar- 
ket. We present sufficient condition for existence relaxation oscillations on money market 
which is once S-bent curve LM and show where the seemingly unexpected fluctuation of 
the long-term real interest rate can originate in our situation. 

The relaxation oscillations can originate in the model described by the system of two 
differential equations when we suppose that first main state variable is changing very 
slowly in time in proportion to the second variable. So, the derivation of this variable by 
time is approaching to zero. In our model, we consider that the first main variable is the 
aggregate income Y and the second main variable is the interest rate R. So, there can 
exist relaxation oscillations on the money market (or financial assets market). That is 
related to assumption that the subjects and their reactions on money market are faster 
than on goods market. So, we suppose that aggregate income Y is changing very slowly 
in time in proportion to the interest rate R. We can describe this situation by following 
equations 



f = ea[I(Y,R)-S(Y,R)] 

<f = /3[L(Y,R- MP + ir e ) - M(Y, R - MP + n e ) - M s ] 



where < e << 1 is some very small positive parameter. 
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If the parameter e is very small, then we can consider ^ = and we rewrite previous 
equations in the following form. 

^ = 

dt w / 15 \ 
<f = f3[L(Y,R- MP + ir e ) - M(Y,R- MP + ir e ) - M s \ 

Then, there remains only the curve LM, called isocline of the equation LM. The curve 
IS does not exist. The whole curve LM consists of singular points. 

Now, we need to formulate new conditions fulfilled for demand for money and supply of 
money function. These conditions will be sufficient for existence of relaxation oscillations 
on money or financial assets market (it is described below). We suppose some unusual 
behaviour of the demand for money and supply of money. We assume three phases of the 
course of money demand and money supply function depending on ig for some fixed Y. 
In the first phase, for is G [0, P), P > 0, these subjects on the money (or financial assets) 
market behave usual and the course of the money demand and money supply function 
is standard how we describe in the condition ^ and (11). In the second phase, for 
is G (P,Q),P < Q, these subjects behave unusual, precisely reversely. We can describe 
this behaviour using formulas 

These properties correspond to unusual economic situation called liquidity trap. This 
means that the subjects on money or financial assets market (demand side) prefer liquidity 
despite relatively high level of (short-term nominal) interest rate. They own money rather 
than stocks, although they could have bigger gain because of relative high level of (short- 
term nominal) interest rate. This "irrational" behaviour of these subjects can be caused 
by big risk of holding these stocks and by small willingness to undergo this risk. The 
supply of money fully adapts to money demand (we assume demand-oriented model). In 
the third phase, for is G (Q, oo), the subjects behave usual as in the first phase. We can 
see the graphs of money demand and money supply function describing this behaviour on 
the following Figure [TJ 

Remark 2.1. In the points P and Q it holds Jg- = §§ = and |g = §f = 0. 

In the text below, we will call this behaviour of money demand and money supply like 
three phases money demand and money supply. 
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Figure 1. Three phases of the graphs of L(i s ) and M(i s ) 



It is easy to see (using the Implicit Function Theorem) that isoclines (curve IS and 
curve LM) of the system (14) without requirement of e << 1 and with properties (|2]), 
(|3| , ( Jl2| ) and three phases money demand and money supply are such as displayed on the 
following Figure [2} 




Figure 2. Curves IS and LM in the model (14) (excluding e << 1) 



There can occur at least one and the most three singular points. We can see this using 
the shifting of the curve IS or LM downwards or upwards. 



Now, we consider the system (14) with requirement of e << 1, so we can consider the 
system (15) in the simplified way. There we can see that the variable Y is a parameter 
in equations g = (3[L(Y, R - MP + vr e ) - M(Y, R - MP + vr e ) - M 3 \. The curve LM 
determined by the equation (3{L(Y, R - MP + vr e ) - M(Y, R - MP + n e ) - M s ] = in this 
situation (where R is considered as a parameter) is displayed in the following Figure [3] 

There, every points of the curve LM are singular points. We need to distinguish the 
stable and unstable arcs of the isocline LM. The arcs A\ and A 3 are stable arcs and the arc 
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A 



A, 



A 



Figure 3. Curve LM considering Y as a parameter 
A2 is unstable arc. This (un)stability follows from the qualification of possible singular 



points emerging in the system 14 excluding e << 1. 



Theorem 2.1. (On existence of relaxation oscillations on money market) 

Let us consider the new IS-LM model with very slow changes of variable Y in time (14) 



(including e « 1 ) with economic properties M) ; |3p, (12) and three phases money demand 
and money supply. Then there exist the counterclockwise relaxation oscillations. 
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Figure 4. Relaxation oscillations in the model with once S-bent curve LM 



Proof. If we have new IS-LM model with very slow changes of variable Y in time (14) 



considering e << 1, then we can consider the system (15) instead the system (14) 



Three phases money demand and money supply and the economic property (10) of the 



money demand and money supply function ensure the form of the curve LM using the 
Implicit Function Theorem, see Figure |3j 
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The trajectories of the system (15) are directed almost vertically downwards or upwards 
(parallel to axis R) considering ^ = 0, see the Figure |4j Up or down direction of the 
trajectories is given by the sign of the function a[I(Y, R) — S(Y, R)} on the curve LM. So, 
the direction of these trajectories is dependent on the stability or unstability of the arcs 
Ai, A 2 and A 3 . The trajectories are attracted to the stable arcs and are drove away the 
unstable arc. The velocity of the motion along the trajectory is finite near the isocline 
LM and nearness of the curve LM the trajectories go along the curve LM. The velocity 
of the motion along the trajectory is infinite large elsewhere. 

For Y < Yi, Y > Y 2 there exists only one stable stationary state and for Y]_ < Y < Y 2 
there exist three stationary states: two stable and one unstable between them. Every 
points of the curve LM are stationary points and Yx,Y 2 are bifurcations values. If the 
parameter Y is changing very slowly, then the coordinates of stationary points are changed 
as displayed in the Figure |4| 

Now, we construct the cycle which is one vibration of the relaxation oscillations. We 
are changing the parameter Y from the level Y\ to Y 2 . If the moving point is on or 
near the stable arc Ax, the moving point will go along this stable arc Ax, then it will 
pass the unstable arc A 2 from point B to C, see Figure |4| The velocity between the 
point B and C is infinite large. There originates some "jump". There is the similar 
situation if we are changing the parameter Y from the level Y 2 to Yx- If the moving point 
is on or near the stable arc A3, the moving point will go along the stable arc A 3 and 
then the moving point will be attracted from point B' to C , see Figure |4j The sign of 
the function a[I(Y,R) — S(Y,R)] may change along the curve LM in such a way, that 
these trajectories form some path resembled limit cycle called relaxation oscillation. This 
oscillation contains the trajectories described by parts of stable arcs Ax and A3 with finite 
velocity and the trajectories described by vertical segments (between points B and C 
and also between points B' and C) with infinite velocity (looking like "jump"), see the 
Figure |4| These trajectories form counterclockwise cycle because of the form of the curve 
IS and stability or unstability of the relevant arcs. Thus, we have just constructed the 
counterclockwise cycle which is one vibration of the the relaxation oscillations. □ 



Let see the quick "jumps" which are parts of our cycles. These quick "jumps" seem to 
be unexpected. And the existence of relaxation oscillations on money market describing 
by previous system under certain conditions can explain the (previously) unexpected 
fluctuations of long-term real interest rate. So, this model is the model of seemingly 
unexpected fluctuations of the long-term real interest rate. 
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2.3. The Model with Twice S-Bent curve LM. In this subsection, we briefly present 
how the model with twice S-bent curve LM can look like. Presented model is only illus- 
trative. There exist more models depending on concrete bends of the curve LM, but the 
principle of these models is similar as of this presented model. 



We assume the same system (14), or rather (15) describing the economic situation as 



in the previous subsection. The economic properties of the demand for money function 
and money supply function are only changed by the following way. 

According to the name of this illustrative model, the curve LM is twice S-bent. These 
bends follows from the count of the parts where the demand for money function and 
money supply function depending on short-term nominal interest rate is for some fixed 
aggregate income Y behave unusual, i.e. count of the liquidity trap parts. The illustration 
of this money demand and supply behaviour is displayed on the following Figure [5j 




liquidity trap 



i liquidity trap i 



Figure 5. Graphs of L(is) and M{is) with two liquidity trap parts 

It is easy to see (using the Implicit Function Theorem) that if there are two liquidity 
trap parts of the money demand and money supply function depending on ^ for some 
fixed Y than there will be two S-bends of the curve LM. On the next Figure [6j we can 
see the dynamical behaviour in this case, i.e. the relaxation oscillations emerging in this 
model with twice S-bent curve LM. 

The arcs A±, A% and A§ are stable and arcs A2 and A^ are unstable. The trajectories are 
directed almost vertically downwards or upwards. Up or down direction of the trajectories 
is given by the stability or unstability of the arcs. The trajectories are attracted to the 
stable arcs and are drove away the unstable arc. The velocity of the motion along the 
trajectory is finite near the isocline LM and nearness of the curve LM the trajectories 
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Figure 6. Relaxation oscillations in the model with twice S-bent curve LM 



go along the curve LM. The velocity of the motion along the trajectory is infinite large 
elsewhere. The direction of the path of the moving point is depend on its current position 
and on the changing of the parameter Y. 

If the moving point is near the stable arc A\ and if we are changing parameter Y from 
the level Yi to Y 2 , then this moving point will go along the stable arc Ai and then the 
moving point is attracted from point [^2,-^2] to the point [Y^-frr]- So the long-term real 
interest rate "jumps" from the level R2 to Rj. Then if we are changing parameter Y from 
the level Yz to Yi, the moving point will go along the stable arc A§ and then the moving 
point is attracted from point [Yi, R 5 ] to the point [Y 1; R }. So the long-term real interest 
rate "falls" from the level R$ to R$. So, we have similar counterclockwise cycle as in 
previous model (with once S-bent curve LM) which consists of two segments looking like 
"jumps" with infinite velocity and two segments corresponding to the part of the stable 
arc Ai and A 5 . 

But if the moving point is near the stable arc A 3 and we are changing parameter Y 
from the level for example Yq to Y3, the moving point will go along the stable arc A3 and 
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then the moving point is attracted from the point [I3, .R3] to the point [13,-Ri]. So the 
long-term real interest rate "falls" from the level R3 to Ry. After that the moving point 
will join to previous described cycle. And if the moving point is near the stable arc A3 
and we are changing parameter Y from the level for example Yq to Yy, the moving point 
will go along the stable arc A3 and then the moving point is attracted from the point 
[Yy, R4) to the point [Yy, R&]. So the long-term real interest rate "jumps" from the level 
i? 4 to R G . After that the moving point will join to previous described cycle. 

We can see that the dynamical behaviour of the moving point is strictly depended on 
its current position and on the changing of the parameter Y . In our model, there can be 
four seemingly unexpected fluctuations of the long-term real interest rate, from the level 
i?2 to i?7, from the level -R5 to Rq, from the level R3 to Ry and from the level R4 to Rq. 

At the end of this subsection we have to remind that we illustrate this situation on the 
concrete model with these concrete bends of the curve LM. If the curve LM will be twice 
S-bent in a different way, than the trajectories can be different but similar in principle. 

2.4. Models with more times S-bent curve LM. In this section, we illustrate the 
models with more times S-bent curve LM on the one concrete phase portrait. This 
concrete curve LM is three times S-bent. We consider all of the previous assumptions. 
Three bends follows from the three parts where the demand for money function and 
money supply function depending on is for some fixed Y behave unusual, i.e. from the 
three parts of the liquidity trap. We can see this dynamical behaviour in this concrete 
situation on the next Figure [7} 

The trajectories are attracted to the stable arcs Ay, A 3 , A 5 and A 7 and are drove away 
the unstable arcs A2, Ay and Aq. In our situation there exist two counterclockwise cycles. 
The first cycle consists of two vertical segments with infinite velocity, i.e. segment from 
the point [^2,-^3] to the point [12,-^12] and from the point [Yi,i?io] to the point 
and of two parts of the stable arcs with finite velocity, i.e. parts of Ay and A 7 . The second 
cycle (one vibration of this relaxation oscillations) consists of two vertical segments with 
infinite velocity, i.e. segment from the point [I4, Rq] to the point [Yy, Rg] and from the 
point [Y 3 , R 7 ] to the point [Y 3 , R 5 ], and of two parts of the stable arcs with finite velocity, 
i.e. parts of A3 and A5. 

But if the moving point is near the stable arc A3 and if the parameter Y is increasing 
from the level Y 7 then the moving point will go along the stable arc A3 and then the 
moving point will join to the second mentioned cycle. Similarly if the moving point is 
near the stable arc A3 and if the parameter Y is decreasing from the level Y 7 then the 



CAN WE EXPLAIN UNEXPECTED FLUCTUATION OF LONG-TERM REAL INTEREST RATE? 15 



moving point will go along the stable arc A3 and then the moving point will be attracted 
from the point [Y 5 , RA to the point \Y 5 , R 2 ] (with infinite velocity) and then the moving 
point will join to the first mentioned cycle. 



Figure 7. Relaxation oscillations in the model with thrice S-bent curve LM 

Analogously if the moving point is near the stable arc A§ and if the parameter Y is 
decreasing from the level Y 8 then the moving point will go along the stable arc A 5 and 
then the moving point will join to the second mentioned cycle. Similarly if the moving 
point is near the stable arc A 5 and if the parameter Y is increasing from the level Y 8 
then the moving point will go along the stable arc A$ and then the moving point will be 
attracted from the point [Y 6 , R 9 ] to the point [Y&, Ru] (with infinite velocity) and then 
the moving point will join to the first mentioned cycle. 

Summary, there can be six vertical segments with infinite velocity which seem to be 
unexpected, i.e. segment from the point [Yi,i?i ] to the point [Y^i?]], from the point 
[Y 2 , R3] to the point [Y 2 , R12], from the point \Y 3 , R?} to the point [Y 3 , R 5 ], from the point 
[F 4 ,i? 6 ] to the point [F 4 ,_R 8 ], from the point [F 5 ,_R 4 ] to the point [Y"5,-R 2 ] an d from the 
point [Y6,i?9] to the point [l^-Rii], see the Figure [7j 
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We can see that we can expected several fluctuations of the long-term real interest rate 
depending on the concrete bends of the curve LM, i.e. on the count and type of the 
liquidity trap parts. 

3. Impacts of Fiscal and Monetary Policy 

3.1. Fiscal Policy - Changing of the Aggregate Income Y. Fiscal policy can influ- 
ence the behaviour of the long-term real interest rate and origination of the mentioned 
quick "jumps" or "falls" of this variable in the following way. Fiscal policy can change 
the level of aggregate income Y using its own tools for do this. And this is the core of 
the government influence. We illustrate the impact of this government decision to change 



level of aggregate income on the model with once S-bent curve LM (see the section 2.2) 
using the next Figure [8j 
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Figure 8. Illustration of the fiscal policy impact 

If the government decide to increase aggregate income from the level Y\ to the level 
Y3, then the long term real interest rate will be increasing slowly (according to the stable 
arc Ai), then in the point Y 2 the long-term real interest rate will jump from the level R2 
to the level and then the long-term real interest rate will be increasing very slowly 
again until aggregate income will be on the level K$. There can be similar situation if the 
government decide to decrease aggregate income. The long-term real interest rate would 
decrease very slowly excluding the point Y\ where the long-term real interest rate would 
fall from the level R3 to R±. 
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In the model with several times S-bent curve LM there can be several jumps or falls of 
the long-term real interest rate, for example in our presented model with three times S- 
bent curve LM in section 2.4 , see Figure [7| In this situation the economics is represented 
for example by the point on the stable arc A3 for the level of the aggregate income Yj. 
Then government decide to increase aggregate income to the level Yq for some reasons. 
Then the long-term real interest rate will be growing slowly due to this change according 
to the stable arc A3, in the point Y4 the long-term real interest rate will jump from the 
level Rq to the level Rs, then it will be growing slowly along the stable arc A^ until the 
point Yq where the long-term real interest rate will jump from the level R$ to Rn. 

The fiscal policy use to be demonstrate by shifting of the curve IS in the IS-LM model. 
If the government increases the aggregate income the curve IS will shift upwards and vice 
versa. So, we can show emerging relaxation oscillations using the both isoclines IS and 
LM with shifting curve IS downwards and upwards in the case with once S-bent curve 
LM, see the Figure [9] 




Figure 9. Demonstration of the fiscal policy 

In this figure, we can see three singular points Ei, E 2 and E 3 (intersection points of 
IS and LM). E\ and E$ are stable singular points, E 2 is unstable saddle point. Then the 
curve IS shifts upwards or downwards according to the changing of the aggregate income 
Y until there are two singular points E 2 and E 3 ' (intersection points of IS" and LM), or 
E[ and E' 2 (intersection points of IS' and LM). The point E[ and E' 3 ' is stable node or 
stable focus and the point E 2 and E' 2 ' is unstable. 

Let us remind the economic sense of this model in general. IS-LM model describes the 
equilibrium on the goods market via curve IS and the equilibrium on the money market 
via curve LM and simultaneous equilibrium via theirs intersection points. We can present 
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the cycle which is part of appropriate relaxation oscillations by proper interpretation of 
the Figure [9] If the government increases the aggregate income, the curve IS is shifted 
upwards. The general equilibrium point is shifted slowly due to the change of Y along 
the curve LM for example from the the point E\ upwards until the general equilibrium 
point is the point E^. Then the general equilibrium point is quick shifted from the 
point E'2 to the point E'l along the moved curve IS (here figured as IS"). Similarly if 
the government decreases the aggregate income, the curve IS is shifted downwards. The 
general equilibrium point is shifted slowly due to the change of Y along the curve LM for 
example from the the point E 3 downwards until the general equilibrium point is the point 
E' 2 . Then the general equilibrium point is quick shifted from the point E' 2 to the point 
E[ along the moved curve IS (here figured as IS'). 



3.2. Monetary Policy - Changing of Inflation Rate 7r e or Constant Part of 
Money Stock Ms- The central bank realize monetary policy. If the central bank try to 
control real interest rate, then only the short-term real interest rate is influenced. But 
we are interested in the long-term real interest rate. Central bank can influence this 
long-term real interest rate only indirectly by inflation targeting. The households and 
firms adapt their expected inflation rate according to prediction of central bank. This is 
the principle how the expected inflation rate turns to real inflation rate. In accordance 
with this, we demonstrate monetary policy by changing of (expected) inflation rate in our 
models. Another tool of monetary policy to influence money market is determination of 
the constant part of the money stock Ms by central bank. Both of these changes causes 
the shift of the curve LM up or down. 

If the central bank increases the inflation rate 7r e , then the long-term real interest rate R 
will decrease because of the relation HI Then the curve LM will be shifted downwards. 
If the central bank increases controlled money stock Ms, then the curve LM will also be 



shifted downwards because of the formula of the equation LM (see the definition 2.2). 
This mechanism works also vice versa, i.e. the curve LM is shifted upwards in the case 
of the decreasing inflation rate 7r e or controlled money stock Ms- We can illustrate this 



mechanism on model with once S-bent curve LM (see the section 2.2) by the following 



Figure 10 



Now, let focus on situation where the inflation rate ir e or constant part of money stock 
Ms is on such level when the part of the curve LM exists for negative values of the long- 



term real interest rate R, see the shifted curve LM' on the Figure 10 In this case the 
emerging relaxation oscillations cause the quick jump of long-term real interest rate R 
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Figure 10. Demonstration of the monetary policy 

from negative to positive value and vice versa the quick fall from positive to negative 
value. This fact can be very interesting for economic prediction, interpretation etc. 

3.3. Interaction between Fiscal and Monetary Policy. In this section we suggest 
how this interaction between fiscal and monetary policy can look like. The long-term real 
interest rate can quickly jump or fall as a consequence of fiscal policy. Monetary policy 
can soften these emerging oscillations by appropriate decrease or increase of (expected) 
inflation rate or constant part of money stock. Our aim is elimination of the negative 
influence of fiscal policy which is seemingly unexpected fluctuation of the long-term real 
interest rate. If we identify the factors of this problem then we could reduce this fluctua- 
tion by the controlled change of money stock or inflation rate. 

We demonstrate this interaction on model with once S-bent curve LM (see the sec- 



tion 2.2) by the following Figure 11 We consider the case of fiscal expansion, means the 
increase of aggregate income Y. 

Let start on the stable arc A\ of the curve LM for the level of the aggregate income Y . 
Government increases aggregate income from Yq to Y\, so the moving point is going along 
the stable arc Ai to the point [Yi, Ri]. In this point the moving point is attracted to the 
point [Yi, R2}, denoted by X. So the long-term real interest rate is forced to jump to the 
level R2 to the part of the stable arc A 3 . In this moment the central bank could increase 
constant part of the money stock Ms or (expected) inflation rate n e to shift the curve LM 
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Figure 11. Interaction between fiscal and monetary policy 

downwards such that the point X would be the point [Yi,i?i]. The shifted curve LM is 
figured as the curve LM'. Now, the moving is still on the required stable arc (now figured 
A3) but the long-term real interest rate does not jump to the level R2 and is still on the 
level R\. 

The defence contra seemingly unexpected falling of long-term real interest rate is sim- 
ilar. At the right moment the central bank should decrease M$ or 7r e to shift curve LM 
upwards. 

Conclusion 

We created several models based on new version of IS-LM model and theory of relax- 
ation oscillations to explain seemingly unexpected fluctuation of long-term real interest 
rate. IS-LM model describes the equilibrium on the goods market via curve IS and the 
equilibrium on the money market via curve LM and simultaneous equilibrium via theirs in- 
tersection points. New version of IS-LM model eliminates two main deficiencies of original 
model which are assumptions of constant price level and strictly exogenous money supply. 
We present and illustrate model with once, twice and more times S-bent curve LM. 

In the second main part of this paper we pointed out the impacts of the fiscal and 
monetary policy on these models. Fiscal policy can cause the relaxation oscillations on 
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money market and monetary policy can soften the forced falls or jumps of the long-term 
real interest rate. 

Discussion 

In these days, many experts and also the public more and more talk about unexpected 
fluctuation of different phenomena in economics and about impact of these fluctuations 
on economics. In this paper, we show one point of view on this problem. We try to model 
some unexpected fluctuation of the long-term real interest rate on money or financial as- 
sets market using own new version of IS-LM model and theory of relaxation oscillations. 

We show several models strictly depended on the behaviour of money demand and 
money supply function. If there exist one or more unusual parts of these functions de- 
scribing economic situation called liquidity trap, then mentioned seemingly unexpected 
fluctuations of long-term real interest rate will arise on money market. In these days, 
existence of liquidity traps is not so uncommon. The observation of actual economic sit- 
uation supports this idea. 

Every possible considering model can be a little bit different. It depends on concrete 
situation. In every model, the trajectories are little bit different but the same in principle. 
There can also originate controversial situations where we can not determinate the path 
of the moving point. For example the situation where the S-bends of the curve LM is 
exactly the same. But these situations are not very probable from the economic sense. 
Any economic quantity does not behave still exactly in the same way. There is always 
any at least small difference. 
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